This paper concerns regression methodology for assessing relationships between multidimensional response variables and covariates that are correlated within a network. To address analytical challenges associated with the integration of network topology into the regression analysis, we propose a hybrid quadratic inference method that uses both prior and data-driven correlations among network nodes. A Godambe information-based tuning strategy is developed to allocate weights between the prior and data-driven network structures, so the estimator is efficient. The proposed method is conceptually simple and computationally fast, and has appealing large-sample properties. It is evaluated by simulation, and its application is illustrated using neuroimaging data from an association study of the effects of iron deficiency on auditory recognition memory in infants.
INTRODUCTION
Data collected from networks are common in practice. A network refers to a set of nodes or vertices which are joined in pairs by edges (Newman, 2010 ). An important feature of a network is that, unlike in a space-time system, between-node distance may not be defined precisely by a numerical metric. In this paper we discuss regression analysis of multi-dimensional response variables on covariates that are collected from networks. Although considerable attention has been paid to methods of learning network topology, little work has been done on regression, which plays a central role in the study of response-covariate relationships. Because data from a network are correlated across nodes, to achieve high statistical efficiency one needs to incorporate appropriate dependence structures into inference, an issue that we address here.
Networked data have more complex dependence mechanisms than can be described by conventional covariance or correlation matrices. For example, dependence symmetry among nodes may not hold, and it may not be possible to model strength of dependence explicitly due to the lack of a legitimate distance function. Our motivating example comes from a project, in collaboration with scientists at the Center for Human Growth and Development of the University of Michigan, whose scientific objective is to evaluate whether iron deficiency affects auditory recognition memory in infants and, if so, how. An infant's memory capability is measured by electrical activity in the brain during a period of 2000 milliseconds using an electroencephalography, EEG, net consisting of 64-channel sensors on the scalp; see Fig. 1(a) .
The data are collected at two times: when an infant hears his or her mother's voice and when he or she hears a stranger's voice. At each time, three event-related potentials, P2, P750 and late slow wave, are recorded after standard data processing. These three event-related potentials are widely used as primary outcomes of auditory recognition memory (Siddappa et al., 2004; Mai et al., 2012) . In this paper we consider only the late slow wave outcome. Such measurements from the 64 electrodes are correlated in the EEG net, and the correlation is highly clustered according to subregions of memory functionality. Correlations of late slow wave measurements are not necessarily symmetric over the 64 nodes. Standard analysis of the event-related potential data using spatial analysis-of-variance mixed-effects models (Gevins & Smith, 2000; Fields & Kuperberg, 2012) assumes implicitly symmetric exchangeable correlations among the 64 nodes for late slow wave data, and fails to detect significant association between iron deficiency and late slow wave activity.
To improve upon the standard analysis, we treat the EEG net as a network and develop a flexible dependence model that can better reflect the underlying relationships among the electrodes, for instance allowing for clustered and asymmetric dependence relationships. In particular, we develop a strategy to combine two sources of knowledge concerning the network topology: our collaborators' expertise regarding established or prior knowledge about subregions of memory functionality, and dependencies learned from data. Some popular statistical methods that have been used to learn sparse conditional dependence structures of networks include: sparse partial correlation (Peng et al., 2009) , implemented in the R (R Development Core Team, 2016) package space; the graphical lasso (Yuan & Lin, 2007) , implemented in the R package glasso; neighbourhood selection (Meinshausen & Buehlmann, 2006) , also implemented in the R package glasso; and the sparse joint additive model (Voorman et al., 2014) , implemented in the R package spacejam.
We consider marginal regression for networked data, which allows various forms of dependence among nodes and can easily handle categorical outcomes. For estimation of regression coefficients in the marginal model, both generalized estimating equations (Liang & Zeger, 1986) and quadratic inference functions (Qu et al., 2000) have been extensively studied. However, these methods cannot be applied directly to networked data because of challenges in incorporating network dependence structures. One desirable method for fitting the marginal model under unstructured correlation is the adaptive estimating equation method of Qu & Lindsay (2003) , which does not require the inverse of a correlation matrix. A disadvantage of using unstructured correlation in generalized estimating equations or Qu & Lindsay's adaptive quadratic inference function is the involvement of a large number of nuisance parameters in the estimation, leading to potential loss of estimation efficiency and numerical instability. Many authors have advocated incorporating correlation structures to achieve good estimation efficiency; see, for example, Pan (2001) , Qu et al. (2008) and Zhou & Qu (2012) .
Our strategy of combining two sources of network topology follows the linear shrinkage estimation approach of Stein (1956) , which is discussed by Ledoit & Wolf (2004) in the context of covariance matrix estimation. We propose to shrink an unstructured covariance matrix towards a prior or target network structure, represented by an adjacency matrix with elements 0 representing no connection and elements 1 representing the existence of a connection between nodes. Following Hansen (1982) , we construct an over-identified estimating function with a shrinkage tuning parameter determined by minimizing the inverse of the Godambe information. Our estimation method allocates higher weights to more relevant correlation structures while down-weighting others. The process of tuning does not affect estimation consistency or asymptotic normality but gains efficiency when done properly.
FRAMEWORK

2·1. Estimating functions
Suppose that the response variable y i j and the associated p-dimensional covariate x i j are measured at node, or vertex, j for subject
T and
T , which is an m × p matrix, and let (y i , x i ) (i = 1, . . . , n) be independent and identically distributed data from n subjects. To perform a regression analysis of the networked data, we adopt a population-average model framework with mean model
, where μ(·) is a known link function, β is a p-dimensional parameter vector of interest, and
T . To proceed with the quasilikelihood approach to inference on β, according to Liang & Zeger (1986) , the second moment of y i is specified by
i , with R(α) a working correlation matrix and A i the diagonal matrix of marginal variances var(y i j | x i j ) = φv(μ i j ), where v(·) is the variance function and φ the dispersion parameter. Generalized estimating equations (Liang & Zeger, 1986) provide an estimate of β by solving the equation n i=1μ
is the gradient vector of μ i (·) with respect to β; see Song (2007, Ch. 2 and 5) . Because the number of nodes in a network is fixed, we write the variance V i as simply V . Under regularity conditions, the resulting generalized estimating equations estimator is consistent and asymptotically normal, but may have low efficiency if the working correlation R(α) does not represent the true correlation structure adequately enough.
Many strategies have been proposed to improve the efficiency of generalized estimating equations estimators. A popular approach is the quadratic inference function procedure of Qu et al. (2000) , which assumes that the inverse of the working correlation matrix, R −1 , may be expanded approximately as a linear combination of basis matrices,
where M 0 is the identity matrix, M k (k = 1, . . . , K ) are known symmetric basis matrices with elements equal to either 0 or 1, and the a k are unknown coefficients that may depend on the parameter α. Then, the generalized estimating equations may be written as a linear combination of estimating functions given by the extended score vector
where the dimension ofq n (β) is p(K + 1). Unlike generalized estimating equations, the quadratic inference function does not require estimation of the nuisance parameter α. Becausē q n (β) is an over-identified score vector, the equationq n (β) = 0 has no solution. Instead, similar to generalized method of moments (Hansen, 1982) , the quadratic inference function method minimizes a quadratic objective function of the form
where the optimal weighting matrix is (β) = var{q i (β)}, which may be consistently estimated by the sample covariance matrix¯
In implementation, we adopt the unique Moore-Penrose generalized inverse in (3) to ensure numerical stability, as the matrix¯ n may be singular (Hu & Song, 2012) .
2·2. Graphical interpretation of basis matrices
We now present some geometric insights into the connection between basis matrices and network topology, using two popular correlation structures to illustrate how knowledge of the network topology may aid estimation. For ease of discussion, consider a three-dimensional network. The first example is the exchangeable correlation matrix, which according to Qu et al. (2000) has two basis matrices: M 0 = I , and M 1 which has 0 on the diagonal and 1 elsewhere. The other example is the first-order autoregressive, or AR(1), correlation, which has three basis matrices: M 0 = I , M * 1 which has 1 on the subdiagonals and 0 elsewhere, and M * 2 which has 1 in the two corner entries of the diagonal and 0 elsewhere.
These basis matrices may be viewed as adjacency matrices with the corresponding graphical representations displayed in Fig. 2 . Matrix M 0 = I corresponds to the adjacency matrix of an independence graph in which all nodes are disconnected. The basis matrix M 1 in Fig. 2(a) from the exchangeable correlation gives the adjacency matrix of a complete graph, denoted by M comp . For the two basis matrices of the AR(1) correlation, M * 1 in Fig. 2(b) represents the adjacency matrix of a chain graph, denoted by M chain , and the other matrix M * from scientists or from a network learned by inverting the correlation matrix obtained from training or pilot study data. In the framework of quadratic inference function theory, it is feasible to incorporate adjacency matrices in inference via equation (2) for the parameters in regression models. The key insight is that each nonzero off-diagonal element in the adjacency, or basis, matrix corresponds to an edge in a graphical model that describes the existence of conditional dependence between two nodes given the other nodes. Since no numerical value for connection strength is available in an adjacency matrix, such a matrix is particularly suitable for representing prior knowledge about a network topology. In the case of exchangeable correlation, the complete network adjacency matrix M comp is regarded as being sufficient, since the inverse of the correlation matrix, R −1 (α), can be fully represented by basis matrices I and M comp . In the case of AR (1), the chain network adjacency matrix M chain is partially sufficient, since it captures only the conditional dependence between nodes without self-connectivity of the beginning and end nodes.
2·3. Data-driven network topology
The quadratic inference function method may be generalized to networked data analysis if the adjacency matrices are constructed in a reasonable manner. In practice, however, the underlying graphical structures from the networked data are so complex that simple structures, such as the complete graph in Fig. 2 (a) and the chain graph in Fig. 2 (b), are insufficient. Using the available data, we can establish some data-driven knowledge via, for example, an unstructured dependency in which all variances and covariances are estimated. A drawback of this approach is that in a high-dimensional network, the inverse of the estimated covariance matrix could be computationally unstable or prohibitively expensive to compute by standard software. One solution given by Qu & Lindsay (2003) is the so-called adaptive procedure, which requires only estimation of the covariance matrix. It follows from the Cayley-Hamilton theorem (Bhatia, 1997) that the inverse of an m × m positive-definite matrix may be written as
where c j ( j = 1, . . . , m − 1) are certain suitable coefficients. Consequently, the optimal weight matrix V −1μ for a basic estimating function s = y − μ(β) lies in the space spanned by the columns ofμ, Vμ, . . . , V m−1μ . For the sake of parsimony, Qu & Lindsay (2003) suggested including in (4) only the gradient direction generated by the first two columns,μ and Vμ. This gives the extended score vector
where V is consistently estimated byV (5) does not require the availability of basis matrices as given in (1). However, the number of parameters to be estimated in V is large, especially in the case of complex networks, and thus overfitting may occur in determining the network dependence structure. It is therefore critical to regularize the covariance matrix estimation, so that the resulting estimated dependencies could strike a balance between parsimony and quality of fit to improve statistical power. 
3·1. Hybrid quadratic inference function
Inspired by the idea of shrinkage estimation (Stein, 1956) , our regularization procedure involves shrinking the estimation of the covariance V towards a known prior structure , a given adjacency matrix, e.g., provided by an expert. We propose to construct the extended scorē
where γ ∈ [0, 1] denotes the shrinkage intensity coefficient. The right-most expression in (6) is intended to provide an improvement in estimation efficiency. (Ledoit & Wolf, 2004) . For γ = 1 the shrinkage estimator fully favours the prior target , whereas for γ = 0 it reduces to the unrestricted covariance V . The key feature of this approach is that it provides a systematic way to obtain a regularized dependence structure, which outperforms both
and V in terms of numerical stability and statistical efficiency in the estimation of β.
The extended scoreḡ n in (6) may be rewritten as
and so can be expressed as γf
, where γ describes the relative weighting of importance given tof n versush n . We call (7) the hybrid extended score vector; it is based on unbiased estimating functions. Note thatf n (β | ) can produce poor results if the target network structure is noninformative and far from the truth; similarly,h n (β | V ) may lose efficiency if a prior dependence structure is known but not utilized. Therefore, by allocating higher weights to more relevant extended score vectors,ḡ n can improve both computational performance and statistical inference for β.
Consequently, given a shrinkage coefficient γ , we can estimate β by minimizing
where is consistently estimated by¯
Since the estimator of β depends on the choice of shrinkage coefficient γ , it is denoted byβ(γ ) below.
3·2. Asymptotic properties
According to Hansen's theory of generalized method of moments, under certain regularity conditions (Hansen, 1982; Harris & Mátyás, 1999) , the estimator of β is not only consistent but also asymptotically normally distributed. With a known target structure and a fixed shrinkage coefficient γ , these large-sample properties remain valid for the proposed estimator in (8). In other words,β(γ ) → β 0 in probability as n → ∞, and Appendix. The hybrid extended score vector g i (β 0 | γ ) is constructed on the basis of a known target structure , soβ(γ ) and J (β 0 | γ ) depend not only on γ but also on . For notational convenience, the dependence on is not shown explicitly except where necessary.
In addition to the above large-sample properties, the asymptotic χ 2 distribution of the quadratic inference function (Qu et al., 2000; Qu & Lindsay, 2003) can easily be extended to (8); that is, the statisticQ n {β(γ ) | γ } tends to χ 2 rank{ (β 0 |γ )}− p in distribution as n → ∞, which is useful in testing for goodness of fit under the null hypothesis H 0 : E(ḡ n ) = 0 (Hansen, 1982) . Furthermore, a generalized-method-of-moments-type test for a nested model can be derived. Consider a partition, say β = {β A , β B }, with parameter of interest β A and nuisance parameter β B . To test the null hypothesis H 0 :
The degrees of freedom of this asymptotic χ 2 distribution under H 0 : β A = a 0 does not depend on γ .
3·3. Choice of the shrinkage coefficient
We wish to determine a shrinkage coefficient γ to find a balance between two types of network dependence structure under a certain optimality criterion. We propose to select γ by minimizing the trace of the inverse of the Godambe information matrix J (β 0 | γ ), in order to maximize estimation efficiency over γ ∈ [0, 1]:
The Godambe information matrix may be consistently estimated byĴ
, which is the sample counterpart of the norm η 0 (γ ) = tr{J −1 (β 0 | γ )}. The norm η 0 (γ ) is continuous on γ ∈ [0, 1] and need not be a unimodal function of γ , so there may exist multiple shrinkage coefficients that minimize η 0 (γ ). In the implementation, greedy searching over a dense grid of γ values is desirable. Let γ * 0 = sup{γ } be the supremum of all suchγ minimizing η 0 (γ ). The rationale for choosing the largest value of γ * 0 relates to preference of the prior dependence structure over the unrestricted covariance V . Although the choice of γ does not impact the result of hypothesis testing, we favour established network knowledge. In this way, a unique tuning value is obtained to achieve maximum efficiency.
The following lemma shows that the optimal shrinkage coefficient γ * 0 can be chosen consistently as the sample size goes to infinity. The proof of Lemma 1 is outlined in the Appendix. Following standard generalized-methodof-moments arguments, we establish the following theorem. THEOREM 1. Under Conditions A1-A6 in the Appendix, the regression parameter estimatorβ(γ * ) at the optimal tuningγ * = sup{S} is asymptotically normal, i.e., Theorem 1 indicates that the regression parameter estimator at the optimal shrinkage coefficientγ * is asymptotically normally distributed and more efficient than other estimators obtained under an arbitrary
SIMULATION EXPERIMENT
We conducted simulations to evaluate the performance of the proposed estimator, denoted bŷ β( * ,γ * ), obtained under a prespecified adjacency matrix * and the optimally selected shrinkage coefficientγ * . We consider both continuous and binary responses, and compare estimation efficiency under three different network structures: a complete network, a chain network, and a five-subregion network. Three types of correlation matrix R(α) are used in data generation. N1: a complete network which uses the exchangeable correlation R EX (α = 0·7) and * = M comp , because M comp provides an adjacency matrix of a complete network resembling a subregion of similar neuro-nodes. N2: a chain network which uses the AR(1) correlation R AR (α = 0·7) and * = M chain , because M chain gives an adjacency matrix of a chain network mimicking neuro-nodes along a nerve branch. N3: two networks of five subregions with function-specific clusters specified by
For each scenario, 500 replications are performed, from which we obtain: the optimal shrinkage coefficientγ * at each simulation using a grid search of 25 equally spaced points over [0, 1] ; the estimation bias (500 p) −1 500 ; and the total variance 500 −1 500 s=1 tr{v ar(β (s) )}. Hereβ (s) is the estimate from the sth simulation and β 0 is the true parameter. We then calculate the empirical relative efficiency and ratio of variances by calculating a ratio between the candidate and reference methods. We also examine a goodness-of-fit test and a generalized-method-of-moments-type test between nested models.
Here we present only results for continuous data; results for binary data are given in the Supplementary Material. The continuous response variables are generated from a marginal model
i j are generated independently from N ( j/m, 1) with varying means j/m over m nodes,
n is the sample size, taken to be 50, 100 or 500, and m is the number of vertices. The sizes of the complete network N1 and the chain network N2 are set to m = 10 to mimic a subregion of the brain network, whereas the network of five subregions, N3, has m = 50, 100 or 150, with the dimension of each block set to (m/5) × (m/5). Table 1 summarizes the biases and relative efficiencies under the three network structures, where the reference method is the oracle case, i.e., the generalized estimating equations with the true correlation, in which the correlation parameter α is set to the true value; this method is semiparametrically efficient. Here we focus on comparison of the proposed methods, including:β( = * , γ =γ * ), where both the prior structure * and the unrestricted covariance V are used;β( = * , γ = 1), where only the prior structure * is used;β( = M comp , γ = 1), where only the prior complete network is used;β( = M chain , γ = 1), where only the prior chain network is used; andβ(γ = 0), with only the unrestricted covariance V being used. Some conventional methods are included in the comparison, namely generalized estimating equations under independence correlation, representing the independence network, under unstructured correlation, and under the true correlation. We also conducted additional simulation studies with three basis matrices in (2), but the results are not shown here due to space limitations; one of the simulations uses three basis matrices from the AR(1) correlation structure, see Fig. 2 , and the other uses the three matrices I , M chain and M comp (Zhou & Qu, 2012) . Including one more basis matrix in (2) offers little improvement in terms of empirical relative efficiency and bias. In the five-subregion network N3, results of the generalized estimating equations estimation under unstructured correlation are not provided, due to numerical failure in the case of the 100-dimensional network. In Table 1 we list results for N3 only in the case of R a CL with m = 100; the Supplementary Material reports full results for the other scenarios. Table 1 shows thatβ( = * , γ =γ * ), the hybrid quadratic inference estimator under a prespecified adjacency matrix * and the optimally selected shrinkage coefficientγ * , exhibits a steady fall in relative efficiency and a steady rise in the ratio of variances as n increases. It is not surprising to see that the generalized estimating equations estimator under unstructured correlation performs the worst when n = 50 or n = 100, because in this case a large number of correlations must be estimated. When the true network is the complete graph N1, the empirical relative efficiency and the ratio of variances ofβ( = * , γ =γ * ) are very similar to those given by the data-drivenβ(γ = 0), regardless of sample size. When the true network is the chain graph N2, the performance ofβ( = * , γ =γ * ) becomes closer to that of the oracle generalized estimating equations as n increases. For the five-subregion graph N3,β( = * , γ =γ * ) is clearly the top performer and, in particular, is superior toβ( = * , γ = 1) andβ(γ = 0). Figure 3 displays the results of optimal shrinkage coefficient selection under R a CL , which is specified by a more realistic five-subregion network N3 with a varying network size of m = 50, 100 or 150. The density plots of the selected optimal shrinkage coefficientγ * forβ( = * , γ =γ * ) show that the probability ofγ * falling near the optimal value γ * 0 increases as the sample size increases. This illustrates the selection consistency asserted in Lemma 1. Figure 3(c) shows that the target structure * = CL tends to receive a higher weightγ * > 0·5 and hence is more informative than the unrestricted covariance V as the network size increases.
We summarize in Fig. 4 the estimation efficiency results obtained under R a CL and R b CL with n = 100, 500 and * = CL . The proposedβ( = * , γ =γ * ), represented by line 2, outperforms the other approaches. When n = 500, the proposed method utilizing both prior and data-driven information, denoted by line 2, is clearly superior to the other approaches.
To investigate the performance of the test statistics given in § 3·2, we ran a simulation study with the following settings. The full model takes the form y i j = x T i j β 0 + θ z i + i j , where z i is a subject-level variable generated from a Bernoulli distribution with probability 0·5, and x i j and i j are generated by the same distributions as above. The null hypothesis is H 0 : θ = 0, and the alternative hypothesis is H 1 : θ | = 0. Type I error rates are computed with θ = 0, while power is calculated under θ = 0·2. The size and power of the generalized-method-of-moments-type test are obtained by averaging over 25 candidate shrinkage coefficients in the range from 0 to 1 to dampen the influence of γ selection. Table 2 summarizes the empirical Type I error and power of the test statistics at significance level 0·05 over 500 replications. The Type I error is well controlled in all cases, and the power increases as the sample size increases. Specifically, when n = 500, the test based onβ( = * , γ = 1) with an expert-prespecified prior target * performs slightly better than the test based onβ(γ = 0) for the complete or chain network. When compared with the tests based onβ( = * , γ ∈ [0, 1]), the results are only marginally different. These results demonstrate that the null distribution for the proposed testing approach is insensitive to the choice of the prior network structure or of the shrinkage coefficient γ . However, the Wald test statistics, involving bothβ and var(β), depend on the selection of and γ . 
DATA EXAMPLE: INFANT MEMORY STUDY
We illustrate the proposed method by applying it to the infant auditory recognition memory study discussed in § 1. Electroencephalogram data were recorded from 161 two-month-old infants using a 64-channel HydroCel Geodesic Sensor Net, from which event-related potentials were observed. Based on serum ferritin and zinc protoporphyrin levels in cord blood measured at birth, 52 of the infants were classified as iron-deficient whereas the others were classed as iron-sufficient. The primary scientific objective of this study was to evaluate the effects of prenatal and postnatal environmental exposures, such as lead and pesticides, and iron 
fc, frontal-central; po, parietal-occipital; ANOVA, analysis of variance.
deficiency on neuro-developmental outcomes. After pre-processing, the data from 56 nodes were used. The outcome y i j considered in this data analysis is a continuous variable of late slow wave activity related to the event of memory updating, which was measured as a response to the mother's voice stimulus. Nine covariates are included: centred infant age x i1 ; centred lead concentration in cord blood x i2 ; iron status x i3 , a binary measurement with 1 for iron-deficient and 0 for iron-sufficient; and six dummy variables for seven brain hemisphere regions, namely left frontal-central x 4 j , middle frontal-central x 5 j , right frontal-central x 6 j , left parietal-occipital x 7 j , middle parietal-occipital x 8 j , right parietal-occipital x 9 j , and other central as the reference. More details are provided in the Supplementary Material. In this analysis, interaction effects between iron status and hemisphere regions, i.e., x i3 x 4 j , x i3 x 5 j , x i3 x 6 j , x i3 x 7 j , x i3 x 8 j and x i3 x 9 j , are of key interest, as they enable us to assess whether iron status could alter the amplitude of memory updating under the mother's voice stimulus over the seven brain regions. Consider the marginal linear model E(y i j | x i ) = β 0 + β 1 x i1 + β 2 x i2 + β 3 x i3 + β 4 x 4 j + β 5 x 5 j + β 6 x 6 j + β 7 x 7 j + β 8 x 8 j + β 9 x 9 j + β 10 x i3 x 4 j + β 11 x i3 x 5 j + β 12 x i3 x 6 j + β 13 x i3 x 7 j + β 14 x i3 x 8 j + β 15 x i3 x 9 j (i = 1, . . . , 161; j = 1, . . . , 56). the spatial analysis-of-variance mixed-effects model,β(γ = 0),β( = * , γ = 1), and the proposedβ( = * , γ =γ * ) with the optimal tuningγ * . Upon consultation with our collaborators, we chose to consider two types of prior target * for the hybrid quadratic inference function: one is a seven-block complete network 7comp = block-diag{M comp , . . . , M comp } based on the seven-block hemisphere, see Fig. 1(a) , and the other is a sparse network structure learned from the separate late slow wave data under a stranger's voice stimulus using the R package space with a threshold 0·1, where the topology of stranger is as displayed in Fig. 1(b) .
As shown in Table 3 ,β( * = 7comp ,γ * = 0·875) yields the smallest estimated total of variances tr{v ar(β)} = 1·263 of the three different hybrid quadratic inference function methods and the spatial analysis-of-variance estimator. The prior target 7comp is favoured withγ * = 0·875, and thus it is informative for unveiling the dependence of late slow wave outcomes among the 56 nodes compared to the fully data-driven covariance matrix. The second-best performer iŝ β( * = stranger ,γ * = 0·583), with tr{v ar(β)} = 1·306, andγ * = 0·583 suggests that the prior target stranger is slightly more favourable than the data-driven dependence structure. Although these top two methods provide similar parameter estimates, the former enables us to identify more significant group-region interaction effects than does the latter. For example, the interaction effect β group×left fc = 0·714 is statistically significant, implying that the expected late slow wave amplitude is elevated by 0·714 units in the iron-deficient group over the iron-sufficient group in the left frontal-central subregion. Likewise, the significant interaction effectβ group×right po = −1·427 suggests that the expected late slow wave amplitude is 1·427 units lower in the iron-deficient group than in the iron-sufficient group in the right parietal-occipital subregion. In summary, by allocating higher weights to more relevant network structures in the estimation and inference, the proposed hybrid quadratic inference function method shows promise in improving the statistical power of the networked data analysis.
DISCUSSION
Although it is difficult to specify a very informative prior network topology, our simulation shows promise of improvement in efficiency when the prior structure captures part of the true network topology. That being said, our method requires estimation of a common covariance V across all subjects. In practice, networked data may not be collected from networks that have the same number of vertices and could be unbalanced due to data missingness or experimental constraints. To improve the proposed method for unbalanced networked data, the sample covariance matrix could possibly be obtained by the method of Qu et al. (2010) .
Methods of sparse graph estimation are useful statistical tools for learning the target structure from networked data. In practice, either training data or pilot study data may not always be available. If the data are first analysed to obtain and then the same data reanalysed to yield results for the regression model, overfitting may occur. In such a situation, some adjustments may be needed to reach proper inference. Nevertheless, the consistency of our hybrid quadratic inference function estimation method relies only on the unbiasedness of extended scores, a feature which is independent of the choice of and can be justified by the goodness-of-fit test provided in the paper. study. We thank the editor, associate editor and two anonymous reviewers for their constructive suggestions, which have led to a great improvement of this paper.
SUPPLEMENTARY MATERIAL
Supplementary material available at Biometrika online includes additional simulation results for networked continuous data and networked binary data.
APPENDIX
The following regularity conditions are needed to establish the asymptotic properties of the hybrid quadratic inference function estimator: Proof of Lemma 1 Given a target structure , and under the regularity conditions stated above, for a given γ ,β(γ ) obtained by minimizing the hybrid quadratic inference function (8) is consistent and asymptotically normal. In addition, since the weighting covariance matrix¯ n (β | γ ) tends to (β 0 | γ ) in probability anḋ g n (β | γ ) → G(β 0 | γ ) in probability, the inverse of the Godambe information matrix J −1 (β 0 | γ ) of g i may be consistently estimated byĴ [0, 1], and so ∂¯ n (γ )/∂γ is bounded elementwise as well. Hence, each term in (A1) is bounded elementwise on γ ∈ [0, 1], and we have max i, j |Ŵ i j | < ∞. On the other hand, the regularity conditions ensure that tr{Ĵ −2 (γ )} < ∞. Therefore ∂η(γ )/∂γ can be bounded uniformly, and the Lipschitz-type condition is satisfied. Then we obtain uniformity of convergence (Newey, 1991) , sup γ ∈[0,1] |η(γ ) − η 0 (γ )| → 0 in probability. Finally, since S 0 = {γ : γ = arg min γ ∈[0,1] η 0 (γ )} and S = {γ : γ = arg min γ ∈[0,1]η (γ )} with |S 0 | = |S| < ∞, we haveγ * → γ * 0 in probability as n → ∞, where γ * 0 = sup{S 0 } andγ * = sup{S}.
